3 is one of the twenty-six sporadic finite simple groups. The cohomology of its Sylow 2-subgroup is computed, an important step in calculating the mod 2 cohomology of 3 . The spectral sequence for the central extension of is described and collapses at the sixth page. Generators are described in terms of the Evens norm or transfers from subgroups. The central quotient ′ = /2 is the Sylow 2-subgroup of the symplectic group 6 ( 2 ) of six by six matrices over the field of two elements. The cohomology of ′ is computed, and is detected by restriction to elementary abelian 2-subgroups.
Introduction
A presentation for the Sylow 2-subgroup of the sporadic finite simple group 3 is given by Benson [1] . We will use a different presentation, with generators which can be described in terms of Benson's generators { 1 , 2 , 3 , 4 , 1 , 2 , 1 , 2 , } as follows. We have the following set of relations for the generators { , , , , , , , , , }. The group has order 1024 and a center ( ) of order two, generated by = 1 . The subgroup generated by = 1 , = 2 , = 3 and = 4 is elementary abelian, and the quotient group /2 4 is isomorphic to the Sylow 2-subgroup 4 of the general linear group [5] . Note that we are using the Atlas [3] notation for groups, where denotes an elementary abelian -group of rank , . denotes a group extension with normal subgroup and quotient group (with : the semidirect product), and 1+ = . denotes an extraspecial -group.
The quotient by the center will be denoted ′ = /⟨ ⟩, which is the Sylow 2-subgroup of the symplectic group 6 ( 2 ); another maximal subgroup of 3 is 2. 6 ( 2 ) [5] . We will also denote ′′ = ′ /⟨ ⟩ = /⟨ , ⟩, ′′′ = /⟨ , , ⟩ and ′′′′ = /⟨ , , , ⟩.
We will denote various subgroups of , ′ , ′′ et cetera by subscripts which denote generators not in the subgroup; for example is the subgroup generated by ⟨ , , , , , , , , ⟩. This index two subgroup is the kernel of a group homomorphism → ℤ/2ℤ which represents a cohomology class of degree one that we will also denote as .
We have
′′′′ ≃ 4 and ′′′ ≃ 4 ×2. We will determine the Lyndon-Hochschild-Serre spectral sequences for the central extensions 2 → ′′ → 4 × 2, 2 → ′ → ′′ and 2 → → ′ . We obtain the following.
Theorem 1.1. The cohomology ring of ′ is generated by sixteen classes, with 4 degree one classes, 5 degree two classes, 4 degree three classes and 3 degree four classes. This cohomology ring contains no nilpotent elements.
Theorem 1.2.
The cohomology ring of is generated by seventeen classes, with 4 degree one classes, 4 degree two classes, 2 degree three classes, 1 degree four class, 1 degree five class, 2 degree six classes, 2 degree seven classes, and 1 degree eight class.
Although this result for the Sylow 2-subgroup ′ of the symplectic group 6 ( 2 ) appears to be completely new, the latter result for the cohomology ring of has also been obtained by Green and King [6] using a computer program and methods similar to those used by Carlson, et al [2] . The program computes a projective resolution (through some finite degree) and cohomology classes are represented as chain maps. Green and King determine the Poincare series for the cohomology ring of (also verified in the present paper), show the depth of the ring is three, and compute the restrictions of the generators to representatives of the twenty conjugacy classes of maximal elementary abelian 2-subgroups. Green and King also list 78 relations for these 17 generators.
The methods used in the present paper are quite different, and the computations were done mostly by hand. In addition, generators are described using the Evens norm [4] or transfers from subgroups. The webpage of Green and King does not give any details on the definition of their generators, so that we cannot describe our generators in terms of theirs.
The cohomology of

′′
The cohomology of the group of unipotent upper triangular matrices 4 ∈ 2 ( 4 ( 2 )) was originally computed by Tezuka and Yagita [10] , although a more complete description appears in the author's thesis [7] and in [8] . We will for the most part use the notation from these latter papers, although one generator, a degree three cohomology class given as the Steenrod square of a degree two class, = 1 ( ), will in this paper be replaced by a different generator Δ which can be described as a transfer from an index two subgroup. We will also write in place of .
Theorem 2.1. The cohomology ring of 4 is generated by eight classes, with 3 degree one classes , and , 3 degree two classes , and , 1 degree three class Δ, and 1 degree four class . We have the following additive description.
The relations are given by = = 0, = = = , Δ = Δ = 0,
The cohomology of 4 is detected on five elementary abelian 2-subgroups, 2 4 = ⟨ , , , ⟩,
Proof.
The above information appears in [10] , [7] and [8] . The class Δ replaces the class from [7] and [8] , and we have Δ = + + . The transfer map from the index two subgroup ′′′′ = ⟨ , , , , ⟩ satisfies ( ) = , ( ) = + and ( ) = Δ. The subgroup ′′′′ ⊆ 4 is isomorphic to the central quotient 4 /2 and has cohomology ring generated by 3 degree one classes , and and 3 degree two classes , and , with relations = = = 0 and 2 = + 2 + 2 . The classes and in * ( 4 , 2 ) are the Evens norm of and , and the classes and ∈ * ( 4 /2, 2 ) are in turn Evens norms from an elementary abelian subgroup of order 16.
Let us also remark that 4 is isomorphic to the wreath product 2 ≀ 2 2 = 2 4 : 2 2 , with 2 2 ⊆ 4 , and the central quotient 4 /2 is isomorphic to the wreath product 2 2 ≀ 2 = 2 4 : 2. The cohomology of a wreath product can be computed using a theorem of Nakaoka proven in his paper on the cohomology of symmetric groups [9] .
Also, a notation such as ( , , ) (used in the additive descriptions of cohomology rings) denotes a module, free over the ring , generated by the elements , and . □ Theorem 2.2. The cohomology ring of the group ′′ is generated by thirteen classes, with 4 degree one classes , , , , 5 degree two classes , , , , , 2 degree three classes Δ, and 2 degree four classes , . The relations are given below.
Proof. The group ′′′ is isomorphic to the product 4 × 2, and we shall denote by the degree one cohomology class corresponding to the direct factor 2 (there is a group homomorphism 4 × 2 → ℤ/2ℤ with kernel the 4 ). The spectral sequence of the extension 2 → ′′ → 4 × 2 has 2 differential determined by 2 ( ) = , obtained by restricting to the various subgroups: 
( ) = and ( ) = .
With these definitions, we are able to compute relations. We use the formulas ⋅ ( ) = ( ( ) ⋅ ) and ( ( )) = ( ( )), as well as the double coset formula for the restriction of a transfer. For example, Δ = ( ) ( ) = ( ( ( )) ) = (( + + ) ) = (( 2 + ) + ) = ( ) + ( ) = ( + ) + . Note we are using ( ) = 2 + , which follows from the double coset formula for the restriction of an Evens norm.
The cohomology of ′′ is detected on five elementary abelian 2-subgroups:
Proof. The additive description of the mod 2 cohomology of ′′ is given below. * (
We then compute the intersection of the kernels of the restrictions to these elementary abelian subgroups. The restriction map to the elementary abelian 2
These are all computed using the additive form of the double coset formula for the restriction of a transfer, and the multiplicative form of the double coset formula for the restriction of an Evens norm. For example, 
The cohomology of
Theorem 3.1. The cohomology ring of ′ is generated by sixteen classes, with 4 degree one classes , , and , 5 degree two classes , , , and , 4 degree three classes Δ, , and and 3 degree four classes , and .
Proof. The five elementary abelian subgroups of ′′ are sufficient to detect the 2 differential for the spectral sequence of the extension 2 → ′ → ′′ , which is
To see this, consider the following subgroups of
+ , and the spectral sequence for 2 → 2 2 ×2
1+4 + → 2 6 has differential 2 ( ) = + + + + 2 + .
The restriction map from the cohomology of ′′ to 2 6 satisfies ( ) = + + ,
Next, ⟨ , , , , ⟩ = 2 2 × 8 , and the spectral sequence for 2 → 2 2 × 8 → 2 4 has differential where is the cohomology class dual to the element ∈ 2 4 and is dual to .
The multiplicative properties of differentials in a spectral sequence determine all other 2 differentials. There is a new generator = .
Note that also lies in the kernel of the 2 differential, but can be described by the product . Other important 2 differentials are listed below.
The 3 page is the tensor product of 2 [ 2 ] with the following.
The 3 differential is determined by computing a Steenrod squaring operation on the transgression,
There are two new generators, in the kernel of the 3 differential, which we will denote by = 2 and = 2 .
Other 3 differentials are listed below.
There exists a 4 differential, which can be deduced from the computation of 5 (
2 )) and the fact that the spectral sequence must collapse at the 5 page. There is a degree four class , represented by 4 , defined by an Evens norm ( + ) from the index four subgroup ′ = ⟨ , , , , , , ⟩, or equivalently by an Evens norm ( ) from the index two subgroup ′ . For more details, see section 6. Therefore the class 4 must survive to the ∞ page, and so the spectral sequence collapses at the 5 page. The expression obtained from 2 ( 3 ( 2 )) must be the image of some 4 differential. The only possible 4 differential in the correct degree is 4 ( 3 ) = 4 ( 2 ). We obtain the following.
The additive description of the mod 2 cohomology of the Sylow 2-subgroup ′ of the sym-
The Poincar´ series for the cohomology ring of ′ is:
Proof. The additive description for the cohomology ring of ′ yields the Poincaré series. Note that a term such as 2 [ , , , ](1, )(1, )(1, ) yields the series
Collecting together those terms with the same denominator yields:
This is equal to:
.
□
The generators , and can all be defined in terms of the transfer from the index two subgroup ′ . We have ( ) = , ( ) = , ( ) = , ( ) = and ( ) = . The class ∈ 2 ( ′ ; 2 ) can be defined as an Evens norm of a degree one element, = ( ), from the subgroup generated by < , , , , , , >, which is isomorphic to ( 4 /2) × 2 2 .
The degree one class corresponds to a group homomorphism with kernel ⟨ , , , , , ⟩, isomorphic to ( 4 /2) × 2.
Relations involving , and are computed using the properties of the transfer map or restrictions to subgroups, and are listed below.
We will also need these Steenrod squaring operations in the next section.
Theorem 3.3. The cohomology of ′ is detected on six elementary abelian 2-subgroups:
Proof. The kernels of the restriction maps are computed and the intersection of these kernels is shown to be zero. For example, the restriction map from the cohomology of ′ to the cohomology of 2
2 ) and ( ) = ( + )( + )( + + + )( + + + + ).
Thus the kernel of the restriction map to 2 6 is
Then the restriction map from the cohomology of ′ to the cohomology of 2
Thus the intersection of the kernels of the two restriction maps is
The restriction map to 2
where is dual to and is dual to . The intersection of the kernels of these three restriction maps is
The intersection of the kernels of four restriction maps is
The intersection of the kernels of five restriction maps is
and the intersection of the kernels of the six restriction maps is zero.
Note this result implies that * ( ′ ; 2 ) contains no nilpotent elements, since the cohomology ring of an elementary abelian 2-group is a polynomial algebra.
4. The cohomology of ∈ 2 ( 3 )
Theorem 4.1. The cohomology ring of is generated by seventeen classes, with 4 degree one classes , , and , 4 degree two classes , , and , 2 degree three classes and , 1 degree four class , 1 degree five class , 2 degree six classes and , 2 degree seven classes and , and 1 degree eight class .
Proof. The six elementary abelian subgroups of ′ are sufficient to detect the 2 differential for the spectral sequence of the extension 2 → → ′ , which is 
The 3 page is equal to the tensor product of 2 [ 2 ] with the following.
The 3 differential is determined by 3 ( 2 ) = 1 ( 2 ( )), yielding
There is no kernel for this differential. Other 3 differentials are listed below. 2 ) ), which yields
There are several new generators in the kernel of this differential:
We will show in section 6 that the class can be defined as a transfer from the index two subgroup , and the classes , , and can be defined as transfers from the subgroup .
Other 5 differentials are given below.
The spectral sequence now collapses, yielding a new generator = 8 . The additive description of the mod 2 cohomology of the Sylow 2-subgroup of the sporadic finite simple group 3 is given below. . Collecting together those terms with the same denominator yields
After using the common denominator 
11
(
The numerator and denominator of this fraction have a common factor of (1 + ) 2 . Cancelling this (and factoring the denominator) yields the expression given by Green and King.
□
Cohomologies of Subgroups of
We describe the cohomology rings of several subgroups of , in particular the subgroups = ⟨ , , , , , , , , ⟩ and = ⟨ , , , , , , , , ⟩, with the goal of defining the generators for the cohomology of as either Evens norms or transfers.
Theorem 5.1. The cohomology ring of the subgroup = ⟨ , , , , , , , , ⟩ is generated by twelve classes, with 4 degree one classes , , and , 4 degree two classes , , and , 3 degree three classes , and , and 1 degree four class Λ.
Proof. The group
′′′ is isomorphic to 2 × ( 4 /2) with cohomology equal to
The differential for the spectral sequence 2 → ′′ → ′′′ is given by 2 ( ) = . There are three new generators = , = and = . We can define these classes using the transfer map from the elementary abelian subgroup 2 6 = ⟨ , , , , , ⟩ ⊆ ′′ where ( ) = , ( ) = , ( ) = , ( ) = , ( ) = , ( ) = and ( ) = . These do not quite match up with the classes given in sections 2 and 3; we have restriction maps ( ) = + , ( ) = + + + , ( ) = and ( ) = + + .
The spectral sequence collapses with the new generator = 2 , and we have the cohomology
The differential for the spectral sequence of the extension 2 → ′ → ′′ is 2 ( ) = + + + + . There is no kernel for this differential. Other differentials are given below.
Then we have 3 ( 2 ) = + + ( + ) + + 2 + . The kernel of this differential is generated by = 2 . Other differentials are:
The cohomology ring of ′ has the following additive description. * (
The 2 differential for the spectral sequence of the extension 2 → → ′ is determined by
There is no kernel for this differential. Other differentials are:
The 3 page of the spectral sequence is the tensor product of 2 [ 2 ] with
Then we have 3 ( 2 ) = + + 3 + 2 + . The kernel of the 3 differential is generated by = 2 . Other differentials are:
The spectral sequence collapses with the new generator Λ = 4 surviving. The additive description of the cohomology of is:
The cohomology ring of the group = ⟨ , , , , , , , ⟩ is generated by nine classes, with 4 degree one classes , , and , 3 degree two classes , and , 1 degree three class and 1 degree four class .
′′ is isomorphic to 2 × ( 4 /2) with cohomology generated by , , , , , The 5 differential is determined by
We also have 5 (
The kernel of the 5 differential is generated by = 4 ( + 2 ), = 4 , Γ = 4 ( + ) and = 4 ( + ). Then the spectral sequence collapses, with = 8 surviving. The cohomology of is equal to:
The cohomology ring of = ⟨ , , , , , , , ⟩ is generated by nine classes, with 4 degree one classes , , and , 3 degree two classes , and , 1 degree three class , and 1 degree four class Λ.
Proof. The group ′′ is isomorphic to 8 × 8 , with cohomology generated by , , , , and . The differential for the spectral sequence of the extension 2 → ′ → ′′ is determined by 2 ( ) = 2 + + . The kernel of this differential is generated by = . The spectral sequence collapses, and = 2 survives.
The differential for the spectral sequence of the extension 2 → → ′ is determined by 2 ( ) = + . There is no kernel for this differential. We then have 3 ( 2 ) = , with kernel generated by = 2 . The spectral sequence collapses with Λ = 4 surviving. The cohomology of is equal to:
□ Theorem 5.6. The cohomology ring of = ⟨ , , , , , , , ⟩ is generated by nine classes, with 5 degree one classes , , , and , 2 degree two classes and , 1 degree five class Ω and 1 degree eight class . 
. The kernel of this differential is generated by Ω = 4 . Then the spectral sequence collapses with = 8 surviving. The cohomology ring of is equal to:
The cohomology ring of the group = ⟨ , , , , , , , ⟩ is generated by nine classes, with 5 degree one classes , , , and , 2 degree two classes and , 1 degree five class Ω and 1 degree eight class .
Proof. The group is isomorphic to the group , and an isomorphism is given by conjugation by the group element ∈ . The degree one cohomology class corresponds to a group homomorphism → ℤ/2ℤ with kernel ⟨ , , , , , , ⟩. The degree one cohomology class corresponds to a group homomorphism → ℤ/2ℤ with kernel ⟨ , , , , , , ⟩.
□
The generators
Recall that degree one cohomology classes correspond to group homomorphisms via the Universal Coefficient Theorem and the Hurewicz Theorem:
Thus the cohomology class corresponds to a group homomorphism → ℤ/2ℤ with kernel the subgroup generated by ⟨ , , , , , , , , ⟩. Similarly, the cohomology classes , and correspond to homomorphisms with kernels , and respectively.
The degree two classes , and , the degree four class , and the degree eight class can be defined using the Evens norm [4] . We have = ( ) = ( ), = ( ) = ( ) and = ( ) = ( ). Also = ( ) = ( ) and = ( ) = (Λ).
The remaining classes can be defined using the transfer map. As briefly mentioned in section 2, the degree two class satisfies + = ( ) (or alternatively + = ( )) where the class is the Evens norm = ( ) (or alternatively = ( )). Also, the degree three class = ( ).
As discussed in section 3, the degree class can be defined using a transfer from the subgroup as = ( ) with equal to an Evens norm. However, the relation = 0 following from the differential 3 (
2 ) = is section 4 implies that can also be defined as a transfer from the subgroup .
The cohomology classes , , and (represented in the spectral sequence by the filtered or graded expressions 4 , 4 ( + ), Proof. The expressions and are not equal to and , in the sense of the representing expressions in the spectral sequence, but are linear combinations involving and and so can be substituted for them in the set of generators.
The restriction of is zero in three of these terms, leaving only the term involving ⟨ , , ⟩. We obtain the restriction of as ( + )( )( + )( + )( + + ). Note the term 4 ( + 2 ) appears in the expansion, representing in the spectral sequence.
Next, restrict to the group ⟨ , ⟩ to show that the class is not involved. We have 
